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Real Submanifolds in Complex Spaces 
Valentin Burcea 


Abstract. Let be the coordinates . In this note we prove the analogne of 

the Theorem of Moser f24| in the case of the real-analytic submanifold M defined as follows 

W - Z'^ +0(3) , 

where W = j<m ^ ~ \ i<i<m l<j<N‘ prove that M is biholomorphically equivalent to the model W = ZZ^ if 

and only if is formally equivalent to it. 


1. Introduction and Main Result 

One of the most beautiful problems in complex analysis is the equivalence problem between two real analytic submanifolds in complex 
spaces. Chern-Moser[5] proved that any formal holomorphic equivalence defined between two pseudoconvex real-analytic hypersurfaces is 
convergent. Versions of this result have been proven by Mir |25| . |26| in the CR finite type case using the Artin Approximation Theorem [T). 
However, in the infinite type case it has been shown very recently by Kossovskiv-Shafikov [20| that there exist real-analytic hypersurfaces which 
are formally, but not holomorphically equivalent. Kossovskiv-Lamel |2 1 1 proved an similar result for two formally CR-equivalent real-analytic 
holomorphically nondegenerate CR-submanifolds. The analogous problem in the CR singular case[2] has been studied by Moser-Webster [23] 
and Gong|T4]. They constructed real analytic submanifolds in the complex space which are formally equivalent, but not holomorphically 
equivalent. 

Let ( 2 , w) be the coordinates in C^. We consider the following analtyic surface in defined near p = 0 as follows 

(1.1) w = zz O {3) . 

Moser [ 24 ] proved that im is holomorphically equivalent to the quadric model w = zz if and only if it is formally equivalent to it. This 
result is known as the Theorem of Moser [24]. An higher dimensional analogue version of the Theorem of Moser [2^ has been obtained by 
Huang-Yin |15| for the real-analytic submanifold of codimension 2 in defined as follows 

(1.2) w = zi^ H-h zn'^ + O (3) , 

where {w, zi ,..., z^) are the coordinates in Huang-Yin |15| proved that the real-analytic submanifold defined in 111.211 is biholomor¬ 
phically equivalent to the model w = zizi -|- • • • -h if a^nd only if it is formally equivalent to it. 

The purpose of this note is to prove the analogue of the Theorem of Moser [24] in the case of the real-analytic submanifolds in the 
complex space defined near p = 0 as follows 

(1.3) W = zZ + O (3), 

where W = Z = i<j<iv +1’ ■' ■ • ■ • ,^ml, • • •, , r«mm) are the coordinates 

The main result of this note is the following 

Theorem 1.1. Let be the real-analytic submanifold defined near p = 0 by {HD. Then M is biholomorphically 

the model 

(1.4) W = ZZ\ 
if and only if is formally equivalent to it. 

This result can be seen as a generalization of the Theorem of Moser [24] in the case when the codimension is different from 2. If in the 
case (11.21 1 of Huang-Yin|15| the model ,,arises” from the sphere using the classical Cayley transformation, in our case (11.411 the model ,,arises” 
by transforming the Shilov boundary of the bounded symmetric domain of first kind [18| using an generalized Cayley type transformation 
m- This can be seen as analogue of the Theorem of Moser [24| when the real submanifold is ,,modelled” by the Shilov boundarv |ll| of an 
bounded symmetric domain of first kind [18| . We have to mention that KauD-Zaitsev [T7] observed other cases of real submanifolds in complex 
spaces derived from the Shilov boundary of a bounded and symmetric domain [19] of first kind [18]. 

We prove Theorem 11.11 using the lines of the proof of the Theorem of Moser|24| and of the proof of the Generalization of Huang-Yin |15| 
of the Theorem of Moser [2^. We firstly develop a partial normal form using techniques based on the Fischer decomposition [2^ applied by 
Zaitsev[28],[29],[30] and by the author in mM- Once the partial normal form is constructed, we bring our case (|1.3ll in a similar situation 
to the case 01.211 of Huang-Yin |15| in order to make suitable estimations and then we apply methods based on rapid convergence arguments 
used by Moser [2^ . We mention that similar methods have been used by Coffman [6],[7] and by Gong[T2], |13) . In particular, our proof gives 


in . 

equivalent to 
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a different proof using rapid convergence arguments of the Generalization of Huang-Yin |15) of the Theorem of Moser [2^ . The difference of 
our case is given by the application of the Fischer decomposition |22| and of the orthogonality properties of the Fischer inner product |22| in 
order to make suitable estimates of the G-part of the formal transformation map in the local defining equations. These estimates are used in 
order to adapt proof of Moser [2^ and the proof of Huang-Yin |15| in our case and our proof follows exactly as in their cases. As in [3], the 
main ingredient is the Fischer decomposition |22| and its properties. We would like to mention that the Fischer decomposition |22| and its 
properties has been used also by Ebenfelt-Render. 1 1Q| in order to study various partial differential equations problems. 

Ackowlodgements This project is based on projects initiated by me when I was working as Ph.D. student of Prof. Dmitri Zaitsev 
in School of Mathematics, Trinity College Dublin, Ireland. I would like to thank him for suggesting to me the Fischer decomposition [2^ in 
[ 3 ]. I would like to thank also Prof. Xiaojun Huang for useful discussions regarding the Generalization fTs] of the Theorem of Moser [2^ . I 
thank also for hospitality to the Department of Mathematics of the Federal University of Santa Catarina in Brazil while I was working as 
postdoctoral researcher. I would like also to thank Jiri Lebl for interesting conversations. 


2. The partial normal form 

In order to prove Theorem 11.11 we follow the lines of the proof of the Theorem of Moser |24| and we construct a partial normal form for 
the real submanifolds defined by 111.311 using the strategy used by the author in [3]. In order to prove Theorem II.II it is enough to consider 
the particular case when m = 2 in II1.3II . The general case can be studied using similar computations and methods. 

Throughout this note we consider the following notations 

(2.1) W := ^ (■Wii,Wi2,W21,W22) , Z •= ^12, • ■ ■ , Zin,Z21,Z22, • • ■ , Z2n) , 

\W21 W 22 J \Z21 Z 22 ••• Z2NJ J 

where ( 2 : 11 ,..., ^ 21 , • • •, Z 2 n-> > '^^ 12 , , ”^^ 22 ) are the coordinates in and where and 2 ^ are the lines of the matrix Z. 

Let be a real formal submanifold defined near p = 0 as follows 

(2.2) M : W = ZZ*' +ip3 (Z, Z) , 
where we have used the following notation 

(2.3) ip 3 {Z,Y)= ‘Pm,r.{Z,Y), such that (Z,^ := 

m+n>3 yP'm,n V ’ ) ^m,n V > / 

where ipm,n {Z, ^ is a matrix of bihomogeneous polynomials of bidegree (m, n) in (Z, ~Z) , for all m, n G N with m + n > 3. 

Let now M' C be another real formal submanifold defined near p = 0 as follows 

(2.4) M' : W' = Z'^*+ ^ <^;„,„(Z',^), 

m+n>3 


where is a matrix of bihomogeneous polynomial of bidegree (m, n) in defined similarly as in II2.3II . for all m, n G N 

with m-\-n > 3. Substituting a formal transformation {Z', W') = (F (Z, W ), G (Z, IF)) fixing the point 0 G that transforms M defined 

by (I2.2I I into M' defined by (12.41 1. we obtain the following 


(2.5) 


G{Z,W) = {F{Z,W))iF{Z,W))' + F'm,r.{F(Z,W),F{Z,W)) , 


m+n>3 


where W satisfies II2.2II . We now write the following formal expansions 
F{Z,W)= Fm,n(Z,W) = 


( 2 . 6 ) 


G{Z,W)= Gm.r.{Z,W) = 

7n,n>0 


f E F^,niZ,W)\ 

i,n>Q 

E f2 „(Z,H/) 


( E Gl^^^(Z,W)\ 

m,n>0 

E Gl,^„(Z,W) 

\m,n>0 / 


/ E ... E F^%{Z,W)\ 

771,n>0 771,n>0 

E F^]r.{Z,W) ... E F^%{Z,W) 

\m,n>0 m,n'>0 j 

/E E G]^%(Z,W)\ 

_ 771,n>0 771,n>0 

E G^1„(Z,W) E G^%(Z,W) ’ 

\m,n>0 77i,Ti>0 / 


where Gm,n {Z,W) and Fm,n (Z, IF) are homogeneous matrix polynomials of degree (m, n) in (Z, IF), where m, n G N. For IF satisfying 
l|2.2|l . it follows by (|2.3|l . (|2.5|l and (|2.6|l the following 


(2.7) 


E (z,zz‘ + (^> 3 (z,z)) = E Fm,„(^Z,ZZ^ + F> 3 {Z,Z)) ) ( E 

771,n>0 \77l,77>0 


Fm,n (Z, ZZ + V?>3 


,n>0 


>3{z,z))^ 


+ ^>3 E (z, ZZ* + ¥J >3 (Z, Z)) , Fm,n (z, ZZ* + ¥^>3 (Z, Z)) j . 

y77i,n>0 J 


Since our map fixes the point 0 G it follows that Go,o (Z) = 0, Fo,o {Z) = 0. Changing linearly the coordinates in {'Wii^wi 2 iW 2 ii‘W 22 ) 

we can assume that Go,i (IF) = {'Wii,wi 2 ,W 2 i,'W 22 )- Continuing as in [3] we collect the terms of bidegree (1,1) in {Z^~^ in and we 
obtain the following 


(2.8) ZZ* = (Fi,o(Z))(Fi.o(Z))*. 

After a composition with a linear automorphism of the model manifold IF = ZZ^, we can assume that Fi^q (Z) = Z. 
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/ Wii 

22^12^ 

f ZllZll + 212Z12 + • 

■ • + ^In^lN 

211221 + 

212222 + • 

■ ■ + 

2iArZ2jv\ 


(^1: ^2)\ 

V22J21 

W 22 J 

\zTT 221 + 212222 + ■ ■ 

• + ZINZ2N 

221 ^ + 

222222 + • 

■ ■ + 

221V 22JV J 

V(^2,^l) 

{h,l2)) 


In order to construct the partial normal form we use the following matrix quadratic model 

(2.9) 

where /i := (zn, zi 2 , • • •, h ■= (^ 21 , ^ 22 , • • •, ^ 2 n)’ The hermitian product (•, •) is defined canonically as follows 

(a, b) := aibi H-h a^bN, 

where a = (ai,. .., ajv) and b = ( 61 ,.. ., 6 iv) € C"^. 


( 2 . 10 ) 


Before going further, we recall the following notation of Fischer 

Qko 


P*{Z,Z)= Y. 


^2N 


dz^&z-^ 


, ifp(z,:^= Y ^ fcosN. 


|7|+|j|=fco 

^2N 


If Elfc is the space of all homogeneous polynomials of degree k \n Z^ we recall also the Fischer inner product |22| defined as follows 

(2.11) zP)^ = {. 

where Z is defined by II2.1II . We make the following observation: 

Lemma 2.1. Let P(^Z,Z) be a bihomogeneous polynomial of bidegree (m, n) in [Z^Z) with m > n, and we denote with Xn the set of 
the all multi-indexes I := (ii, 221 ^ 3 ^ m) ^ such that |7| := i\ +22 +23 + 24 = n. Then there exist {Qj R{Z,Z'j uniquely 

determined polynomials such that the following holds 

N 

(2.12) p{z,z)= Y Qi(z){ii,hyHh,i2yHh,iiyHi2,i2y^ + R{z,z), R{z,z)e p p keT{{h,h)R{h,i2yHi2,hyHi2,i2yY■ 

j-l/GXn 

If P' (Z, Z) is a bihomogeneous polynomial of bidegree (m, n) in (^Z, Z) with m < n, then there exist {Qj i^)}r^Xm 1 uniquely 

determined polynomials such that the following holds 

N 

p' (z,z) = ^ {zii+z2j) Y Q'l (^) {h,hyHh,i2yHi2,hyHi2,i2y^+R' {z,z), 

, , 1=1 leim-i 

2.13 

^ ^ JV 

R'{z,z) e n n ^'^'^{(^ij+^2j){h,hy^{h,i2yHh,hyHi2,hy*y ■ 

j-l/elm-l 

Proof. The existence of the both Fischer decompositions are obtained from the classical generalized Fischer decomposition[22]- The 
uniqueness follows immediately by the fact that if 9 / := ( 21 , 22 ,^ 3 ,^ 4 ) 7 ^ I' •= ( 21 , 22 , 23 , 2 ^) € N^, the following holds 

fii,ii)R(h,{i2,hy^{i2,i2y^; {h,{11,12)*'^{i2,hy'^(hMy'*) = 0 , 

with respect to the inner Fischer product defined previously in (12.111 1. □ 

We recall also from [22| the following orthogonal decomposition 
(2.14) Mfe+p = Im T 0 ker (P* (D)) 

If/(Z) = /fe (Z) is the formal power series expansion of a smooth function / (Z), the Fischer norm m is defined as follows 


(2.15) 


\\fkiZ}\\:^-.= Y iffkiZ)-.= Y 


\I\ = k 


|/|=fc 


As a corollary of the previous orthogonal decomposition (12.1411 . we obtain easily the following lemma 

Lemma 2.2. Let f (Z), g (Z) E Hfc defining the orthogonal decomposition f (Z) = g (Z) + h (Z). Then \\f {Z)\\jr = \\g {Z)\\jr + ||/2 (Z)||jr. 
We are ready now to prove the main result of this section 

Proposition 2.3. Let M C be the real-formal submanifold defined near 0 E M 62/ \2.2''^ . Then there exists a unique formal 

transformation of the following type 

(2.16) {Z\W') = E Fm,n {Z, H/) , ly + E Gm,n (Z, W) I , 

Y m + Ti>2 m + n>2 J 

where Fm,n (Z, IF), Gm,n (Z, W) are homogeneous polynomials in Z of degree m and degree m inW normalized as follows 

(2.17) Po,n+i (Z, IF) = 0, Pi,Ti (Z, IF) = 0, for all n > 1, 
that transforms M into the following partial normal form: 


W' = Z'Z'^+ Y P'm,n{z',Z')+2RelY^yo{Z')\, 


n + n>3 
a,n#0 


(2.18) 
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where ‘■p'm n matrix bihomogeneous polynomials of bidegree (m, n) in for all m,n > 0, that satisfy for n > m — 1 the 

following Fischer normalization conditions 

N 

(2.19) + + (z,z) e n n i^ev{izi^ + z2j){h,hy^{h,i2yHh,hyHi2,hy‘^y, 


j=l J€Xn-i 

and respectively for m > n the following Fischer normalization conditions 

( 2 . 20 ) {Z, Z) , {Z,Z), <p'Xr. {Z, Z) S 


ker {(h , hy^ {h , hy-^ ih, hy^ ih ^y^y, 


n 

-feXn 

where Xn is the set of the all multi-indexes X := (ii, 22 ,^ 3 ,m) £ such that \X\ := ii + 22 + 23 + 24 = n. 

Proof. In order to prove the statement we follow the proof of Extended Moser Lemma[3] and we collect the terms of bidegree (m, n) 
in (Z, Z) with T = m -\-n \n II2.7I I. We obtain by 112.11 1 and 1 IT 911 the following 


1,1 

^m,n 


2,1 


1,1 { 1,2 


'Fm,n \fPm,n f F'm 

2,1 f 2,2 


1,2 


2,2 

,n I F'm ,n ( ,n ) V^m ,n 


( 2 . 21 ) 


E 


^l+^2+*3+M='^~l \\ m — 

I={ild2dsd4:)^^‘ 


pi 

, m —n + 1,/ 


= E 

«l+«2+^3+*4 = ^ 

{z),zy 




(luhyHiuhyHhjiy^ {h^y^ 


{z),zy 


iZ),z^ 


E 


^{Fy_^+,jiZ),z^) {Fl_„^^^j{Z),z^y 


il+i2+*3+M-"-l (Z) , (Z) ^Z^ 


{ii,hyHh,hyHi2,hyHh,i2y* 




where ”...” represents terms which depend on the polynomials Gk,i (Z) with fc + 2^ < T, F^^^i (Z) with fc + 2^ < T — 1 and on (p^^i (Z, Z), 
^ (Z, Z) with k 1 < T = m + n. We compute then the polynomials F^/ (Z) with m' + 2n' = T — 1, and respectively Gj^/ n' (Z) with 

m' + 2n' = T using induction depending on T = m' + 2n'. We assume that we have computed the polynomials / (Z) with fc + 2/ < T — 1, 
Gky (Z) with k -\-2l <T. 

The computation of 1 (Z, W) for k + 21 = T : Collecting the terms of bidegree (m, n) in (Z, Z) in (I2.21l t with m < n — 1 and 
m,n> 1, and then by making the sum between the (1, l)-position terms and the (1, 2)-position terms in (I2.21L we obtain the following 


+ - E (^FhyHiui2yHi2,hyHi2,i2y- 


( 2 . 22 ) 


3 1 +32 +33 +3i^n-l 

31,32,33,34eN 


+ + (v^7n,n)^’^^ {Z, Zj + . . . . 

By the second part of Lemma 1 2. II we obtain the following generalized Fischer-decomposition 


(2.23) 


/ 


- E + ^2j) 

1=1 


E %3,32,33,34) ^^2, /l>« (^2, ^ 2 )" 


1 f 1 +f2 +33+34=^-! 
\ 31,32,33,34SN 


+ R'i{z,'z), 


/ 


where the following generalized Fischer-normalization condition is satisfied 

N 

R'i{z,z) e n n ker{{zij + Z2j) {ii,hy^{ii,i2yHi2,iiyHi2,i2yy* ■ 

J = 1 Jl+i2+i3+i4='n-l 
Jl,i2 j'3.f4 6N 

By imposing the corresponding generalized Fischer-normalization condition on + {‘p'm^ny y {Z,Z) defined by 112.1911 . and then 

by the uniqueness of the Fischer decomposition, we obtain by 112.2311 and 112.221 1 the following 

(2.24) 


Fy-n+i,j iZ,W) = J2 (Qi,...,Qy)(Z) 


,,P1,,P2,,J3,,P4 
^11 ^12^21 ^22* 


ll +l2+i3+i4 = ^ —1 


We compute analogously j (Z, W), for all J G with \ J\ = n — 1. 

We assume that T is odd. Collecting the terms of bidegree (n, n + 1) in (Z, Z) in (I2.21D with n > 2, and then by making the sum between 
the (1, l)-position terms and the (1, 2)-position terms in (I2.21I I. we obtain the following 

((v^n,n+l)^’^ + (<F;,n+l)^’") {Z ,Z) = - ^ ,,, ,,,) (Z) ) («1, h )^y Zl, ^2 )^y ^2 , h >« {^2 , «2 ^ 

il-|-J2-l-f3+J4 = ri-l 

31,32,33,34&^ 

E (<oy,,3.,3.,,)(^),^^)ai.il>^'M;i,;2)^yi2,il)«{«2,«2>^^" + ((y^n,n-tl)^'' + (¥’™.n-tl)l'") {Z,Z) + . . . . 

31+32+33+34=‘n-i 

31,32,33,34&i 


(2.25) 
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By Lemma l2.1l we obtain the following generalized Fischer-decomposition 

( \ 


(2.26) 


- XI 

j=l 


J1+32+M+J4 =»I -1 
\ J1.J2.J3.34 6 N 


/ 


where the following generalized Fischer-normalization condition is satisfied 

N 

r'2{z,z) e n n ker{{zij + Z2j) {ii,hy^{ii,i2yHi2,iiyHi2,i2y^y ■ 

J = 1 Jl+J2+J3+J4=’l-l 
Jl.J 2 .J 3 .J 4 eN 

Imposing the corresponding generalized Fischer-normalization condition defined by 112.1911 on (^v'n n-i-l) + {^'n n+l) ^ 
II2.26I I. 112.2511 . 112.1711 and by the uniqueness of the Fischer decomposition, we obtain the following 


(2.27) 


Flr.-i{Z,W)= Y. 


ij32 IJIj33 
^12^21^22' 


il+J2+J3+J4 = ^-l 


We compute F 2 ^ {Z, W) analogously. We also can study similalry the case when T is even using the normalization conditions (12.1711 on the 
formal transformation (12.1611 and the corresponding Fischer normalization conditions (I2.19II . This situation is similar to the one from [3]. 

The computation of Gk,i (Z, W) for k + 21 = T : Collecting the terms of bidegree (m, n) in (Z, Z) in (I2.21II with m > n and 
m, n > I5 we obtain the following 

= Y Gr^-u,(nj2,j3Miz){h,hyHh,i2yHi2,iiyHi2,i2y^- 


(2.28) 


E 


il+ 12 +i3+*4 = 7T- W m — n + l,I 

t = (il.»2.i3.i4)GN'‘ 


J1+J2 -l-j3+J4=n 
Jl.J 2 .J 3 .J 46 N 

+ ^ r (^) .2+ (F^ ,, , (Z) , 

, m —n + l,/ y / ’ / \ m —n+l,J ' ' ’ 


n+1,. 


F (z,^ + ... 


By the first part of Lemma l2.1l we obtain the following generalized Fischer-decomposition 

' ^m{Z),z^\ If^ ..j{Z),z^ 

\ m—n+l,i V / ’ / \ m—n+l,i y > ’ 


^m,r. {Z,~Z^ E 


(2.29) 


11+12+43 + 14='^, \\ m —n+1,/ 

-^=(h+2+3+4) 


a+1,. 

(^), + ) 


{ii,hYHh,i2Y^ {h,hYHh,i2Y* 


ny {z,z) R[^ {z,z)\ 
R'2AZ,Z) R'22{Z,Z))' 


E ®-.(ji.j2.j3.j4) (^)+-^i++-^2)^+i2,h)^+;2,;2>^^" ■ 

Jl-|-J2-I-J3+J4 = n 

Jl.J 2 .J 3 .J 46 N 

where the following generalized Fischer-normalization condition is satisfied 

R'i^{z,'z) ,R'^^2{Z,Z) ,R^^{Z,'Z) ,R'22{Z,'Z) e n kev{(h,hy^{h,l2yHl2,hyHl2,l2yY- 

Jl+j2-l-j3+J4 = n 

jl.J 2 .J 3 .J 46 N 

Imposing the corresponding generalized Fischer-normalization condition defined by 112.2011 on ip!^ it follows by 112.1711 . 112.281 1. 112.291 1 
and by the uniqueness of the Fischer decomposition, the following 

(2.30) 


Gm-n,n(Z,W)— Y, (ji .ja , 33 . jh) (•^)'“'l+12'“'21'“'22' 


31-1-32-1-33+34 = " 

31.32 .33 ,34 6 N 

The computation of Gt,o (Z, W) : Collecting the terms of bidegree (T, 0) and (0, T) in (Z, Z) in (|2.21|l . we obtain the following 

(2.31) Gt,o (Z) -h (p'rp^Q (Z) = (pT,o (Z) + A (Z ), i^Q j, (Z) = (^o,T (Z) -h B (Z) , 

where A (Z), B (Z) are the sums of terms that are determined by the induction hypothesis. By imposing the reality normalization condition 
rj. (Z) = p {ZY ^ we obtain the following 

(2.32) 


Gt,o {Z) = PT.o (Z) - po,T {zY + A (Z) - B {zY. 


Proposition l2.3l provides us a partial normal form for the real submanifolds defined by (11.311 using the Fischer normalization conditions [2^. 
The chosen Fischer normalization conditions (12.191 1 and (12.201 1 are motivated by how the formal transformation (12.161 1 appears in the local 
defining equation and this motivation is given partially by the partial normal form from [^. The chosen normalization conditions (|2.19ll 
seem to be more appropriate in our situation. Other partial normal forms may be possibly considered in our case using other normalization 
conditions and the Fischer normalization conditions 1)2.1911 are just a choice in our case. 

Proposition 12.31 leaves undetermined an infinite number of parameters 112.1711 making the formal transformation possibly divergent 
similarly to the case of Moser [24] and similarly to the case of Huang-Yin 1 1 5] . In order to prove our result, we cancel its undetermined part by 
composing the formal transformation with an automorphism of the model (I1.4D . This is done using the general formula of an automorphism 
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of the model in computed by Huang-Yin |15j which helps us to fabricate automorphisms for the model II1.4II and then to follow 

the ideas of Moser |24] in order to find the desired automorphism. In order prove Theorem 11.11 we need use the following lemma 

Lemma 2.4. There exist T G Autp ( W = ZZ^ ) such that T o F is normalized as in (2T7\ I. 


Proof. In order to produce automorphisms of the model W = ZZ for the normalziation of the formal transformation ll2.16|l . we follow 
Proposition 3.1 of Huang-Yin |15| and we consider different types of formal transformations leaving the model W = ZZ . For instance, we 
consider the formal transformations class 

(2.33) (Z^ W') = B {W) {ZU {W) {W) Iy) . 

Here B (W) is holomorphic in W near 0 € and U {W) is holomorphic in W near 0 G C'^ such that U (^W + is a transformation 

leaving invariant the model W = ZZ^. This transformation (|2.33|l helps us to impose partially the desired normalizations. Another useful 
transformation class leaving invariant the model W = ZZ^, is the following 

' WA (W) - D (W) ZA* (W) A{W) + C (W) [z - D {W) ZA* {W) A (VK)) 


(2.34) 


(Z',W') = 


h - ZA* {W) 


-U{W),W 


Here the holomorphic matrix-function V (W) defined near 0 G satisfies V 

A(W) = 


an (W) 0 

0 0 




ZZ 

D{W) = 


= h- ZZ A ( ZZ 
1 


ZZ I and 


an {W)aii{W) 


= / 2 - 


The fact that the transformation 112.3411 defines a class of formal self-transformations of the model W = ZZ can be easily checked using 
matrices computations. The position (1,1) of an (W) in the matrix A{Z) can be changed with any other position obtaining new classes of 
transformations leaving invariant the model manifold W = ZZ . 

In order to continue the proof, we firstly assume that B (W) = I 2 -, U {W) = Id and we introduce the following notation 

(2.35) Ti (Z,W) := [I 2 - ZA‘(iy))~^ - Wai (W) ,V (W) Z2,... ,V (W) z„,wi,W2), 

where 2:1 is the first column of the matrix Z given by 112.111 . ..., Z]\f is the last column of the matrix Z given by (12.111 . wi is the first column 
of the matrix W and W 2 is the first column of the matrix W given by dO- Following Moser [24], in order to normalize as in 112.1711 . we have 
in our view the following equations system 


(2.36) 


/wn /nil (VF)'\ ^ 


V«'2i 


W22 


0 ; 


fF^^( 0 ,W)\ , (Wn W^i2^ /inn m2\ ^ fGn G'la'N , 


By Implicit Function Theorem we obtain the following 


/ wn 

^^^12^ 

_ fwn 

^12^ 

V'a^2i 

W22 ) 

V'a^2i 

W 22 J 


{Wii,Wi 2 ,W 21 ,W 22 )- 


We write the following unique decompositions 

F^^ (0, W) = WiiGll (lCi2, W21} W22 , R’ll) + H\\ {wi2 1 0^215 '^’22) ? (0, IF) = IC21G12 {F’12-, ■a’21 5 0^22 5 R’ll) + H\2 (iUh , u;21 5 0^22) • 

If we would have that Gn ('U!i2,'IC21 ?'a’22? R^ii) = G12 ('a’12?'0/21?'a’22> then we would be able to find an (W) immediately by 112.3611 . 

Contrary, we firstly find an (W) giving the previous property and then we find easily another automorphism of the type of (I2.35l t giving 
us partially the normalization condition 112.1711 . We continue by composing those two automorphisms. Then, we repeat this procedure 
until the normalization conditions (I2.17l t are fulfilled taking instead of F^^ (0, W) and F^^ (0, W), the reminders Hu (iui2,1^21,'0^22) and 
Bi 2 i'UJii,W 2 i,W 22 )- Ir this situation we replace A{Z) with the following matrix 


Ai (Z) 


/ 0 0 
\a22 (IF) 0 


and we repeat the previous procedure. In order to finish this part of the proof we chose U (VF) such that it changes the position (1,1) 
with the position (1, 2) and we apply similar arguments. Composing the last four considered automorphisms we obtain an automorphism 
Ti (Z, VF) which gives the first normalization condition in II2.17II for F^^ (Z, VF) and F^'^ (Z, VF). We define analogously the automorphisms 
T 2 (Z, W),... ,Tn (Z, VF) and then we consider the following composition T (Z, VF) := Ti (Z, VF) o ■ - ■ o Tn (Z, VF) which gives the first 
normalization condition in 112.1711 for F (Z, VF) by a composition on the left side. 

We consider now the transformation 112.3311 and we find B (W) such that the second normalization condition in Il2.17l t holds. Following 
Moser [24] we obtain the following system of equations 


/^ii -hFii (Z,VF) 
\z21+F^^ (Z,VF) 


where we have that 


fWii VFi2^ 

VVF21 VF 22 y 


ziN + (Z, W)\ _ (zn + Fii (Z, W) ... z^^ + F^^ (Z, iy)>. 

Z2n + F^^ {Z,W)J ^^’\z2i+F^^{Z,W) ... Z2n + F^^ (Z,W)) 


/ Wll Wl2 

Yu;21 W22 


/Gil Gi2^ z. . 

Ig 21 (^22/ ’ 


B{W) 


fbii (VF) 0 \ 

V o(iF) 622 (IF); • 


In order to simply the computations we assume N = 2. We take U (VF) = Id and then following Moser [2^ . we compute &11 (VF) by collecting 
the terms which depend on 211. It follows that bn (VF) (211 -h F^^ (Z, VF)) = 211 -h F^^ (Z, VF) and by taking the derivative with 211 and 
setting Z = 0 we compute 611 (VF). We compute analogously 622 (IF) in order to eliminate the coefficient of 2:21 depending on VF in the 
Taylor expansion of F^^ (Z, VF). We consider another automorphism of the model in order to eliminate the coefficient depending smoothly 
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on W of 212 in the Taylor expansion of {Z,W), and respectively in order to eliminate the coefficient depending on W of 222 in the 
Taylor expansion of (Z,W). Because the normalization conditions (I2.17l t are not affected if we multiply F (Z,W) with scalar matrices 
on the left side, we continue the proof taking the composition of the previous two automorphisms. In order to eliminate the coefficients 
depending on W of 212 in the Taylor expansion of F^^ {Z, W)^ and respectively the coefficient of 211 in the Taylor expansion of F^^ (Z, W), 
we chose an new automorphism of the model defined by the matrix U (W) sending ( 211 , 212 ) into ( 0:11211 + 011212,021211 + 022 ^ 12 )? where 
011 , 012 , 021,022 7 ^ 0- By compositions with scalar matrices we can repeat the procedure from above obtaining the desired automorphism. 
In order to finish imposing the normalization conditions (|2.17|l we continue the proof by modifying again U [W). We continue this procedure 
and we find the desired automorphism Ti. We finish the proof by taking T = T o Ti. □ 

We finally have to observe that the formal automorphism T defined by the previous lemma may not be unique as in the classical cases 
of Huang-Yin|15| and Moser |24| due to the restriction to the scalar matrices in the previous proof. 


(3.1) 


3. Notations 

The proof of Theorem ll.ll has as model the proof of the Generalization m of Huang-Yin m of the Theorem of Moser |24| . We consider 
R := (r,..., r) and we define the following domains 

Ar = |(Z,iy) g \zij\<r, kl,2p, \w2,2f \w 2 ,if < Nr^ , for all (i, j) E {1, ..., A^} X {1, 2}} , 

Dr = {{Z,0 G X \zij\ < r, < r, for all {i,j) E M} X {1,2}}, 

where Z and W are defined by (I2.1I I and ^ is defined similarly as Z. Throughout the rest of this paper, we use the following notations 

(3.2) ||T;||, sup \E(Z,^)\, \hl = sup |/i(Z,OI, 

(Z,W)GDr (Z,^)GAr 

where E {Z, is a holomorphic function defined over Dr, and where respectively h (Z, W) is a holomorphic function defined over Ar- In the 
case of a matrix E (Z, Z) defined as follows 


(3.3) 

we use the following notation 

(3.4) 


E {Z, Z) = 




{z,z) 


{z,^ 


ll®llr=. max 


These domains and notations are used later in order to apply use the methods based on Moser’s rapid convergence arguments. Following 
Moser [24] we define also the following real numbers 

2F 4 


(3.5) 


1 , 2r' 4- 

- <r <a<p<r<l, p= - 


n £ . 


We also recall here Lemma 4.5 of Huang-Yin ll5l that will be applied later 


Lemma 3.1. Suppose that there exists C > 0 and a number a > 1 such that dn > Ca". Then we have that 


for any integers mi, m 2 , m 3 > 0 . 


4 . Proof of Theorem ll.il 

We consider the real formal submanifold M C defined near p = 0 as follows 

(4.1) W = <S> {Z,Z) = ZZ^ + E {Z,Y) , 

where E (Z, ^) = 0(3) is holomorphic matrix near Z = ^ = 0. We consider now the following formal transformation 

H (Z, W) = (Z F E{Z,W), WFG (Z, W)) , 

which satisfies the normalization conditions (12.1711 sending M defined near p = 0 by (O into the model manifold defined by El up to the 
degree d> 3. By the Fischer-normalization conditions (12.1911 and 02.2011 we find the following pair of polynomials 

(4.2) {Z, W) , gS {Z, W)) , 

where we have used the notations from [3]. Following the strategy of Huang-Yin m we define the following transformation 

(4.3) 0 (Z, W) ■.= [Z + F{Z,W), W + G (Z, W)) = (z + (Z, W) + Owt (d), W + gS (Z, W) + Owt (d + 1)) 

which sends M up to the degree d into the model manifold Moo defined by 01.411 : 

(4.4) M' = 0 {M) : W' = Z'Z'*. 

In order to apply later the rapid iteration procedure of Moser m, we need to understand how the degree of the remaining terms is changing 
by the assumption of Theoren il.il and using the transformation 04.31 1. We need to prove the following lemma 

Lemma 4.1. Let M C be a real-analytic submanifold defined near p = 0 by I14- such that Ord (E (Z, ^)) > d. If Q is defined in 

{4-3f and M' is defined in l4-4i > then Ord (E^ (2,^)) > 2d — 2, where 

(4.5) M' :W' = Z')^* + E' {Z,Y) . 
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(4.6) 


Proof. By l|4.3|l and Il4.4|l it follows that 

E' = G(Z,'4> (Z,Z)) -G{Z,Wo)-2Re |z(F (Z,$(Z,Z)) -F(Z,VKo))‘| + {F {Z, ^ {Z,'Z))) (f (Z, $ (Z, Z)))* 

- (y (f(Z,<I> (Z,Z)) ,F(Z,<I> (Z,Z))) - ip' (Z,Z)) - (E(Z,y)) - F(Z,Z)) , 


where ® (F (Z, Z)) represents as in HI the polynomial defined by the Taylor expansion of E (^Z,~Z^ up to the degree 2d — 3. Previously 
$ (Z, Z) is given by (I4.1II and we have used the following notation 

(4.7) 

Because of the following way of writing 


Wo = ZZ\ 


(4.8) 


($(z,z))'^-(F,«i)"“ {luhy^^ {i2,hy^^ (i2,hy^^ = 
(■I-(Z,^)'^- (<I>(Z,Z)^J"“ ($ (Z,Z)^2)"l" (<!> (Z,Z)2J""1 (l2,l2y^^ + -(h,/l}^'“ {h,hy^^ 


where <I> (Z, Z) = (4?i,i (Z.^) , <I>i ^2 (-^i^ , 'J’ 2,1 , 'I' 2,2 (^, -Z)) and J = {jii, ji 2 , j 2 l, j 22 ) G N"'. Then if 7 = (in, ii 2 , *21 , * 22 ) S N"' 

an multi-index such that |7| -h 2 | J| = d, it follows that the following degree estimate holds 

(4.9) Ord jz^ ((<!> (Z, Z))'^ - w^) } > 2d - 2. 

By (|4.9|l obtain easily the following degree estimates 

Ordwt {G(Z,4>(Z,Z)) -G(Z,Wo)} > 2d - 2, Ordwt |f (Z, 4> (Z, Z)) -F(Z,Wo)} > 2d - 3, 

OrdjF {Z,<S>{Z,Z)) F (Z,4> (Z,^)*| , Ordjy (f (Z,$ (Z,^) , F (Z, 4> (Z,^) j } > 2d - 3, 


(4.10) 


□ 


which together with ilret gives us the desired degree estimate in 

In order to apply Moser’s iteration arguments |24| in our case (I1.3II we need to make firstly suitable estimations for the solution (I4.2I I. The 
P’-part of the transformation is computed by the general transformation equation The only difficulty that occurs here is that we can 

not make directly suitable estimations on the G-part of the solution (14.21 1 because of the non-triviality of the Fischer decomposition [22]. This 
is an obstacle that is overcamed using the ortoghonality properties of the Fischer inner product [22| . Following Huang-Yin [15| and Moser [2^ . 
we need to prove the following lemma 

Lemma 4.2. Assume that the real-analytic submanifold M defined in \4-- ^-5 formally equivalent to Moo defined in 112.9\) with E (z,^) 
holomorphic over Dr and Ord (E (Z, ^)) > d, such that the the following estimates hold 


\\e{Z,0-J^‘^-^{E{Z,0)\\ < , ,2iV 

11 lip (r-p) 


{ 2 dy^ lli^ll. fpyd-^ 


(4.11) 


\VFk,iiZ,W)\ < 

\ Ip 


36 


•27V 


r 

2ti-3 


\Fk,i{Z,W)\^ <j^{2.dy 


(2d)"" ||F||^ 


r — p 
VG„.p(Z,lF)| < 


N {r — p) 

36 (l + (2d) 


(J) = , |g„,p(Z.VF)| < ((2d)"" + (2d)®") IIFil^ (^) 


p \ 2ti—3 
r / 

2d-2 


r — p 


+ 6Af (1 + (2d) 


\ (2d)"" ||F||^ 


N (r — p) 


p\ d-l 
r > 


for all k E {1,..., TV}, Oi, ^^l E {1, 2}, where ^ (E (z, ^)) is the polynomial defined by the Taylor expansion of E (Z, up to the degree 
2d — 3 and V represents the gradient. 


Proof. Following Huang-Yin |15| and applying the Cauchy estimates for II3.1I I. we obtain by (13.211 . (13.31 1. (13.41 1 the following 


(4.12) 


F(Z,0-J' 


2d-3 


lip 


E 

| J |>2 


a/,jZ"Z‘' 


|7|-H|J|>2d+2 
2N 


E 




|/| + |J|>2d+2 


Jl>Y+J ^ {2d)""||F||^ fp^2d-2 


R. 


(r-p)^ 


\r y 


where we have used the following notations 

R' :=(p,...,p), R:=(r,...,r). 

By (12.22D together with (12.2311 , 02.2411 and 02.251 1. 02.2711 we obtain the following 


(4.13) 

Because of the following fact 

(4.14) 


Ffc,i(Z,VF) < 


4 (2d)" 


N 


-y 

r / 


for all k = 1,..., N and I E {1, 2). 


^ , for alli<p<r<r<l and r = 


applying the Cauchy estimates and using the second inequality of our statement we obtain the following 


(4.15) 


Fir I 

^iL {Z,W) 


dzi 


(2rf)"^ ||g||. 

2N 


r^2d-3 ^ 3 (2d)" 


(?) 


2N (r — p) 


Fkj 


dw, 


'a,P 


■ (Z, W) 


9 (2d)" 


AN (r - p)‘‘ 


for all /c = 1,..., TV and a, /3, / E {1, 2}. 

The main ingredient for computing the G-part of our transformation is the following remark 

































REAL SUBMANIFOLDS IN COMPLEX SPACES 


Remark 4.3. Let S (Z, Z) be a homogeneous polynomial of degree k in (Z, Z) written as follows 


S{Z,^= 

l/l+IJI=fe 


Then the following holds 

\S{Z,Z)\^ < l|^L(^iI)L(|2ii|2 + -" + |2lJVp + k21P + " 
and as well the following Cauchy estimates using the domain Dr defined in (I3.1II 




fe!(fc + l)2^ 

j,2k 


l|5|| 


2 

r • 



Proof. By the Cauchy inequality and we obtain the first inequality. By applying the Cauchy formulas using the domain Dr defined in 
GUI, we obtain following Shapiro |22| the following 


p{z,z)f= Y. 


c/,j| < 


l|S||^ 


|i|+|JNfc 


E 

|7| + |J|=fc 


nj\ 


k\(k + 1)^ 


□ 


By 112.281 1 using the previous remark together with Lemma 2.2 we obtain by 112.311 1 the following 


(4.16) 


\G^,p{Z,W)\ < (2d)'‘" (l + (2d) 


and immediately we obtain the following 


(4.17) 


G, 


dzi. 


■ {Z,W) 


3{2d)^^ (l + (2d)2^) IIEII^ ^ 


dw, 


^ {Z, W) 


, for all «, /3 g {1,2}, 

9{2df^ (l + 2(2d)2^) IIEII, ^ 


N{r-py 


N{r- p) 

for alH = 1,... , TV and a,/9, j G {1, 2}. Now the third inequality in (14.1111 follows easily by 114.1711 and 1I4.13II . □ 

In order to use the iteration procedure of Moser [2^ . we follow Huang-Yin |15| and we prove the following 

Proposition 4.4. There exist a constant Sq (d) > 0 depending on n and independent on E(Z,^) and r^a,p,r' defined by 13. 51) such 
that if the following inequality holds 


(4.18) 


36 (l + {2df 


r — p 


+ 6Af (l + {2df^^ 


2jv\ \ {2d)‘^^\\E\l fp^d-i 


N {r — p) 


< ^0 (d) , 


we have that the mapping ^ (Z', W') := H ^ (Z', W') is well defined in Acr. Furthermore, it follows that ^ (A^/) C Ao-, ^ (^<t) C Ap, 
E' (Z, is holomorphic in Aa- and also the following inequality holds 

„ .. 3^^(2d)*^ /../n4-i 

E' i, < IIEII ^ ^ 


(4.19) 


(r - r') 


WEf, 


i2df 


A(n) 


Bn - 


108 


7 + ^W V 


/ X 2d-3 
+ E(n){- 


N{r- r') 

where we have used the following notations 

(4.20) A{n) = 324 (l + {2df^'j , B{n) = 18N (l + {2df^'j , D{n) = 6N, E{n) = ^ {2df^ 


Proof. Following Huang-Yin ll5l and Moser l24l . we need to prove that for each (Z', W') € we can uniquely solve the system 

(Z', W') = {Z + F{Z,W), W + G {Z, W )), 

where (Z', W) S Ap. Following Moser [2^ and by 114.1811 we can chose do{n) > 0 depending on n and independent on r, r', E (z,^), such that 

1 

F |VG| < 

Ip 


VF 


VG < ■ , 

I Ip 2' 


where IvF (Z, W)\ =YY l^Ekj (Z, VF)| . Taking (ZW, IPW) := (Z', W') we define the point (ZKl, IPUI) inductively as follows 

' ' P 7^ I ’ 'P 

fc=li=l 

(zi-’+y, vpi-’+y) = (z + f(zM, if 121^, vf + g(zU 1, lyW)). 

Following Huang-Yin |15| and Moser [2^ we find using the classical Picard iteration procedure a point (Z,W) G Ap such that 
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Similarly as in the case studied by Huang-Yin [15] and as in the case of Moser [2^ . we can assume that ip (A^/) C Ao- implying that E' {Z' 
is holomorphic in Ao-. We obtain then by II3.2I1 . II3.3I1 . 113.411 and following Huang-Yin |15| that \\E' [Z '< \\Q where we have 

used the following notations 

—t > 


(4.21) 


Q{Z,0 = (g {Z,^ {Z,0) - G [z,u)) -2Re (Z, $ (Z,0) - F (z, ;7))‘| - F (Z, W) F (Z, W)* + (e - (E)) (Z,?), 


U = Zi\ i := 


?11 5i2 

?21 $22 


?liv\ 

i2N ) 


Following Huang-Yin |15| and Moser [24) . we obtain by Lemma 14.21 and by 113.2ll . II3.3II . II3.4II the following inequalities 


\\e(Z,^) - {E{Z,i))\\ < 


■ {2dY 


(r - r') 


,/\ d-l 


(4.22) 


N _ _ _ 

y]Efe,, (?,4.(Z.Z))Ffe,,i («,4.(Z,^) 

1 = 1 


48 


<-(2d)«^^ 


/\ 2d-3 


\Gc,p (?, $ (z, z)) - G^,p («,;/) |_^ < 3 I 3 


36 (l + (2d)^^) 


+ 6Ar (1 + {2dy 


(2d) 


4N I 


|Efc,i (Z,4>(Z,Z)) |Efe,i (i,^{Z,Zp-Ek,i («, [ < 3 ( 3 -^ + 


N (r — r') 
4JV II 


- 2N 


{2d)" 


N {r — r') 


for all k E {1,..., Y"}, a, G {1, 2}, where ^ (Y ( 2 :, ^)) is the polynomial defined by the Taylor expansion of E (Z, ^) up to the degree 
2d — 3. The estimate II4.19I I follows by 114.2211 and (I4.21I I. □ 

The main ingredients of the proof of Proposition 14.41 are borrowed from Moser [2^ and Huang-Yin [15| . Also, the proof of Theorem 
11.11 is principally motivated by Moser [24] and by Huang-Yin |15| and it uses rapid convergence arguments applied also by Coffman[6 l .[7 | 
and Gong|T^.[T3l in other situations. In order to prove the convergence of a formal transformation between real-anaytic manifolds various 
methods have been applied beside the rapid convergence arguments and the Approximation Theorem of Artin[J. We would like to mention 
that Huang-Yin |16| used recently new convergence arguments in the literature based on notions of hyperbolic geometry. 

4.1. Proof of Theorem 11.11 Following Huang-Yin |15| and Moser [2^ we define the following sequence of real analytic submanifolds 

Mr,: VF = ZZ* + E„(Z,:^, 

as follows Mo := M, Mn+i •= (Mn)^ for all n E N. Here ’Fn is the holomorphic mapping between Ao-„ and Ap.^. It is clear that 

dn := Ord (En (Z, Z)) >2^ + 2, for all n E N. Following Moser [2^. we define the following sequences of numbers 


rn := - 1 + 


n + 1 


pn — 


Tn+l + 2r„ 


Pn + 2r„ 


and we apply the estimations with r = rn, p = Pn, r' = Vn+i, ip = ipn, for all n G N. Following Moser [24] we have that 


(4.23) 


rn + l 


= 1 - 


(n + 1)^ 


We define the following sequence of real numbers 


Tn - Tn+l 


(i'll, 1’n+l) 


= (n + 1) (n + 2). 


and by 114.1911 we obtain the following 

(rn - rn+i)^ 32 ^ (2d„)" 


(4.24) 


^n+1 ^ 


2 “ f'n+l)'^ 


(^n +1 "^71+2) ('^n ~ "^n+l) 


{2dn)^ 


' {rn + l -rn + 2) ^ i'^ri - rn + l) \ V - rn+l 


A{n) 


rn+l 


■Bin) 


2 {rn — rn + l) 

y v' 

(rn+l - rn+ 2 ) 
dn-1 


7E{n) 


rn+l 


rn+l 


108 


rn - rn+l 


+ D(n) 


2dn-3 


rn+l 


where A(n), B{n), D{n), E{n) are defined by H4.20|l . By H4.23|l and by Lemma 3.1 it follows easily that 


lim (A(n) (n + 2) (n + 1) + B(n)) (2d„)" 


1 - ■ 


1 


(n+ + 


= lim 


E{n) {2dn)^ 


(4.25) 


lim (108 (n + 2) (n + 1) + D(n)) (2d„)‘‘^ 1 - 


n-voo (n + 2) (n + 1) 

2d„ -3 
4 

= 0 , 


1 - 


(n + 1)^ 


= 0 , 


lim 3^^ (2dn)‘^^ ((n + 2) (n + 1))^^ ( 1 - 

n—^oo ' 


{n + + 


{n + + 


= 0 , 


where A{n), B(n), D(n), E{n) are defined by (|4.20|l . By (|4.25]l and by (I4.24II using the standard arguments of Moser [2^ and Huang-Yin j 15) 
we obtain easily the convergence of 4'^n = ip o • • ■ o ipn in A i. The proof of Theorem ll.ll is completed now. 
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5 . Some Open Problems 

One question that appears naturally is if we can prove an nonequidimensional analogue of the Theorem of Moser [24] working with 
formal transformations F{z, w) = {g(z, w), fi {z, w ),..., (z, w)) : —>• C-^ satisfying the following properties 

F{M) C C where = + N < N', 

aw 

where M is defined by (11.211 . By [8] a real submanifold in the complex space defined near a CR singularity can have in its local defining 
equation the quadratic model containing also pure terms and therefore this question can be reformulated in a more general setting and 
as well in cases when the right-side quadratic model is of higher codimension. We have to mention that convergence problems in the non¬ 
equidimensional case have been studied by Mir m in the CR situation. 
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